We study the generation of superpositions of N00N states by overlapping few-photon-subtracted squeezed vacuum states and coherent states on a 50/50 beam splitter. Assuming parameters that are feasible with current technology results in output states with mean photon numbers of several tens. We show that the generated quantum states violate local realism even in the presence of considerable loss. The occurrence of strong quantum correlations for mesoscopic quantum states of light is particularly beneficial for coupling light and matter quantum systems.
Entanglement at macroscopic scales is an utterly thoughtprovoking topic [1] . To explore the quantum-classical boundary, different mesoscopic and macroscopic quantum systems have been studied experimentally [2] [3] [4] [5] . Still, the emergence of classical laws like local realism for large physical systems remains debated [6] . An intriguing macroscopically entangled system in quantum optics is a N00N state, i.e. an equally weighted superposition of N photons all being in one or the other of two modes. However, N00N states with large photon numbers are extremely challenging to produce in the lab. Here, we show that interfering a photon-subtracted squeezed vacuum state with a coherent state on a 50/50 beam splitter results in a quantum state that approximates a superposition of several large N00N states. We find that the generated state violates local realism. This combination of mesoscopic photon numbers and strong quantum correlations is especially appealing for quantum applications that require efficient light-matter interaction, e.g. in optomechanics and in quantum information science. The results attained may also be applied to other bosonic systems [7, 8] .
N00N states are primarily known for applications in quantum metrology [9, 10] . Probabilistic methods to produce N00N states of arbitrary N have been proposed [11] [12] [13] . In experiment, three, four and five-photon states have been generated using post-selection [14] [15] [16] . A counterpart to N00N states in the continuous-variable regime are entangled coherent states, e.g. 1 2(1 ± e −2|λ| 2 ) (|λ 1 |0 2 ± |0 1 |λ 2 ).
Therein, λ denotes the coherent displacement. Entangled coherent states can be created from single-mode cat states [17] [18] [19] [20] . However, it is difficult to generate cat states with high mean photon numbers [20] . Since Eq. (1) can be represented as superpositions of many N00N states, entangled coherent states have also been considered for metrology applications [21, 22] and found to perform better than N00N states in the presence of dissipation [23, 24] . For a superposition of N00N states it is for sure known that all photons are in one of two modes. However, neither * falk.toeppel@mpl.mpg.de is it knowable in which mode all the photons are nor is it predictable how many there are. This very quantum feature is of interest beyond metrology applications. For large photon numbers such superposition states are suitable to entangle two macroscopic objects, e.g. mirrors [25] . Furthermore, entangled quantum states of light carrying many photons are appealing for coupling quantum light and atomic ensembles, e.g. in a quantum memory [26] .
In the experiment reported in Ref. [16] a squeezed vacuum state |ζ and a coherent state |λ , with appropriately chosen squeezing parameter ζ and coherent displacement λ, have been superposed on a 50/50 beam splitter. The resulting quantum state takes the form:
Here,Û
is the unitary operator describing a loss-less beam splitter of transmittance τ andâ † i (â i ) is the creation (annihilation) operator of the mode i. The characteristic feature of a N00N state, called superresolution, has been obtained after post-selecting on specific coincidence count events that add up to a total photon number N = 5. The quantum state |Ψ has further been examined for metrology applications in Refs. [27, 28] .
The state |Ψ of Eq. (2) resembles a superposition of N00N states only for small mean photon numbers, i.e. small values of |ζ| and |λ|. Apart from two N00N-like 'wings' one observes additional contributions to the photon number distribution when considering larger mean photon numbers. As an example thereof, Fig. 1 a shows the photon number distribution of |Ψ for a mean photon number of 9.33 (ζ = 1, λ = 2.68i). In order to acquire a highly entangled mesoscopic quantum state of light it would be desirable to remove the non-N00N components from the state without destroying the superposition.
This can be achieved by subtracting photons from the squeezed vacuum before mixing it with the coherent state. When matching carefully the number of subtracted photons m with the parameters ζ and λ, only the N00N-like 'wings' remain as is seen in Fig. 1 b. The resulting quantum state closely approximates a superposition of N00N states. It contains on average some tens of photons when using realistic values for m, ζ and λ. A possible experimental implementation is depicted schematically in beam splitter, the squeezed light impinges on a tapping beam splitter of high transmittance τ . We obtain the output state |Ψ m 12 occupying modes 1 and 2 if the photon number resolving detector (PNRD) in mode 3 registers exactly m photons:
Therein, N ensures a proper normalization and quantifies the heralding rate. PNRDs that resolve a few photons and have a high detection efficiency are currently available [29, 30] . In experiment the subtraction of three photons from squeezed vacuum has been demonstrated [31] . To quantify how well the quantum state under consideration resembles a superposition of N00N states, we evaluate its overlap with a superposition of the form
where
We remark that P N has the shape of the peaks along the edges of the photon number distributions shown in Fig deviation of the photon number distribution of the N00N state superposition |Ψ m . The distribution P N , defined in Eq. (5), is not Poissonian, i.e. |Ψ m is different from an entangled coherent state. In fact, the distribution is mostly broader as we can infer from the last two columns of Tab. I. Only for small values of |ζ| and |λ| P N is narrower than a Poissonian distribution.
The N00N-like features in the photon number distribution even withstand experimental imperfections as is shown in Appendix C. There, inefficient photon subtraction, transmission losses, improper phase choice and multi-mode input states are considered.
A photon subtracted squeezed vacuum state resembles a single-mode cat state [32] . Hence, it is not surprising that its superposition with a coherent state yields a quantum state similar to an entangled coherent state. However, we find the fidelity F to be even larger than the overlap between the photon subtracted-squeezed vacuum state and its corresponding single-mode cat state.
N00N states are known to be highly entangled. There exist Bell inequalities, formulated in terms of the Q-function (see Appendix A), that show violation of local realism for any N [33] . To verify that the heralded state |Ψ m is entangled and indeed violates local realism, we consider the following Bell inequality given in equation (22) of Ref. [33] :
Therein, the quantities Q(α 1 , α 2 ) = π 2 Q(α 1 , α 2 ) and Q(α 1 ) = π d 2 α 2 Q(α 1 , α 2 ) are proportional to the twomode and single-mode Q-functions of the state under consideration. We remark that the Bell inequality (6) can be tested with simple on/off-detectors [33, 34] .
We examine the Bell inequality (6) for the state |Ψ m of Eq. (3) by inserting the corresponding Q-function provided in Eq. (A2) of Appendix A. Figure 3 a shows the maximal value of J 1 for different values of ζ, λ and m. In general, we conclude that the violation of the Bell inequality (6) is stronger for the heralded output state |Ψ m than it is for the state |Ψ , given in Eq. (2). Moreover, we find that with photon subtraction the Bell inequality J 1 < 1 is violated for much larger values of |ζ| and |λ|, i.e. for larger mean photon numbers, than without it. The amount of Bell violation for fixed ζ degrades only very little with increasing m. This observation and further calculations reveal that the generated quantum state |Ψ m violates local realism also for mean photon numbers of a few hundred. In the limit of |ζ| → 0 and |λ| → 0 we find J 1 to approach 2 and strongly violating the Bell inequality (6), although in this limit we consider two vacuum states as input. This seemingly unphysical result is an artifact since the probability N to successfully generate |Ψ m also approaches 0 for |ζ| → 0 and |λ| → 0. Henceforth, the state preparation is never successful for ζ = 0 and λ = 0.
Next, we study some possible experimental imperfections that might affect the quality of the state preparation. Figure 3 b shows how the amount of violation of the Bell inequality (6) changes with the detection efficiency η of the PNRD used for photon subtraction. The change is very little for the case ζ = 1, m = 3 and an optimized coherent displacement λ opt . Nevertheless, the detection efficiency has an impact on the rate to successfully herald the output state, which is also depicted in Fig. 3 b. For the parameter set ζ = 2, λ opt and m = 5 the violation is decreasing slightly faster, but still the Bell inequality (6) is clearly violated even for small detection efficiencies η. For mean photon numbers of a few hundred, the critical detection efficiency needed to observe J 1 > 1, is on the order of 60% to 70%.
The effect of transmission losses in modes 1 and 2 after a successful state generation on the violation of the Bell inequality (6) is analyzed in Fig. 3 c. The quantum state |Ψ m consists of no or few photons in one mode and many photons in the other. With growing transmission losses, it is more likely that the mode containing only a few photons is emptied completely. Therefore, the lossy quantum state becomes more N00N-like for moderate loss (see Fig. 7 in Appendix C). For low transmission coefficients τ however, the vacuum component is dominant and no violation of the Bell inequality is to observe. We conclude that the entanglement of the quantum state |Ψ m survives in the presence of small experimental imperfections. The Q-function that we have used to define J 1 in the case of inefficient detection and transmission losses is provided in Eqs. (B2) and (B3) of Appendix B.
Recently, Ref. [35] examined the phase-shift measurement sensitivity for small phase shifts when using a photon number parity measurement in one output of a Mach-Zehnder interferometer. It was found that, for given squeezing and coherent displacement, mixing of a photon-subtracted squeezed vacuum state and a coherent state at the input beam splitter yields a higher sensitivity than without photon subtraction. Interestingly, the results do not depend on how well the superposition of the two input states resembles a superposition of N00N states. For measurement schemes not relying on parity measurements this might be different. Furthermore, the performance of the quantum state |Ψ m for m = 1 in measuring nonlinear phase shifts was analyzed in Ref. [36] .
The proposed scheme is a method to create novel entangled macroscopic quantum states of light. In contrast to Ref. [4] and Refs. [37, 38] using squeezing and coherent displacement, respectively, to amplify entangled quantum states of a few photons to macroscopic scales, here we exploit the interference of two multi-photon quantum states at a beam splitter.
As an extension of the setup displayed in Fig. 2 , we may consider two orthogonal polarization modes in each of the input modes 1 and 2. When these polarization modes are excited by squeezed vacuum states and coherent states, respectively, it is possible to subtract a polarization qubit. This is achieved by means of a half-wave plate and a polarizing beam splitter whose both output ports are monitored by PNRDs. When only one of these two PNRDs registers a photon in mode 3, the qubit state cos θ |1 h , 0 v 3 +sin θ |0 h , 1 v 3 has been subtracted and the mesoscopic qubit cos θ |Ψ 1 h |Ψ v + sin θ |Ψ h |Ψ 1 v is established in the output modes 1 and 2. Note that the angle θ is determined by the orientation of the half-wave plate. In summary, we have proposed a feasible experimental method, depicted in Fig. 2 , to create a quantum state, given in Eq. (3), that closely approximates a superpositions of large N00N states (see Fig. 1 b and d) . The method is based on photon subtraction, which can be implemented with state-of-theart technology. The quantum states generated are strongly entangled as we have shown by violating the Bell inequality (6) for a range of parameters λ and ζ also in the presence of considerable experimental imperfections (see Fig. 3 ). The mean photon numbers of the states violating local realism can reach some tens for realistic values of the parameters (see Tab. I). Quantum applications that require a highly efficient interaction between light and matter, e.g. in quantum information science and in optomechanics, may benefit from the outlined scheme to generate a strongly entangled quantum state with a mesoscopic mean photon number. Further technical advances, in particular allowing for higher squeezing, would even render mean photon numbers of a few hundred possible. Therefore, the proposed method is also an approach towards realizing an intriguing entangled macroscopic quantum state of light in experiment.
Appendix A: Deriving the Q-function of the output state |Ψm
In general, the Q-function of a k-mode density operatorρ is defined as
The Q-function of the squeezed vacuum state after m photons have been subtracted by means of a beam splitter with transmittance τ and a PNRD, in particular, takes the form:
with
These substitutions are due to the action of the highly transmitting beam splitter in the scheme (see Fig. 2 ). In Eq. (A1) P (α; |m ) denotes the P-function of the photon number state |m :
and Q(α; |λ, ζ ) denotes the single-mode Q-function of the squeezed coherent state |λ, ζ :
Therein, we have defined the vector c = [Re(α − λ), Im(α − λ)], the correlation matrix
and the rotation matrix
Considering the action of the 50/50 beam splitter in the setup (see Fig. 2 ), we finally arrive at the following Q-function for the state |Ψ m , defined in Eq. (3):
Appendix B: Q-function in the presence of experimental imperfections
The probability that in the scheme of Fig. 2 exactly m photons are reflected into mode 3 is, according to Eq. (A1), given by
This quantity ensures the normalization in Eqs. (3) and (A2). The probability that a realistic PNRD with detection efficiency η registers exactly m out of m impinging photons has a binomial distribution. Therefore, when using a realistic PNRD for heralding, the Q-function of the output state is given by
and Q(α 1 , α 2 ; |Ψ m ) as given in Eq. (A2). The Q-function that takes into consideration the transmission losses after a successful state preparation is obtained as
To mimic transmission losses we have considered a hypothetical beam splitter of transmittivity τ located in each of the output modes 1 and 2. The Q-functions of Eqs. (B2) and B3 were used to study a violation of the Bell inequality (6) for non-unit detection efficiency η (see Fig. 3 b) and in the presence of transmission losses τ after a successful state generation (see Fig. 3 c) , respectively.
The state preparation crucially depends on the relative phase difference between squeezing parameter ζ and coherent displacement λ. To quantify this phase sensitivity, Fig. 4 displays the Bell violation for a real-valued squeezing parameter ζ and different phases of the coherent displacement λ. One can see that the phase range for which the Bell inequality is still violated is rather broad, between π/8 and π/4.
Appendix C: Photon number distributions in the presence of experimental imperfections
In Fig. 5 the photon number distributions of |Ψ m for ζ = 1, λ = 2.68i (see Fig. 1 b) is plotted for different numbers of subtracted photons m. We find that the N00N-like 'wings' are also present for a slightly imperfect preparation. This observation coincides with the robustness of the Bell violation against detection efficiencies of the PNRD used for photon subtraction (see Fig. 3 b) . FIG. 5 . Photon number distributions after superposing a photonsubtracted squeezed vacuum state (ζ = 1) and a coherent state (λ = 2.68i) on a 50/50 beam splitter using the setup shown in Fig. 2 with τ = 0.9 and heralding on m clicks at an ideal PNRD.
As a second imperfection, we consider in Fig. 6 the photon number distribution for an improper phase of the impinging coherent state |λ 2 . The influence of arg(λ) on the Bell violation is shown in Fig. 4 .. FIG. 6 . Photon number distributions after superposing a photonsubtracted squeezed vacuum state (ζ = 1) and a coherent state (|λ| = 2.68) with non-ideal phase on a 50/50 beam splitter using the setup shown in Fig. 2 with τ = 0.9 and heralding on m = 3 clicks at an ideal PNRD.
The last imperfection in the state preparation that we consider concerns multi-mode input states. Let us assume that not a single-mode squeezed state impinges on the first beam splitter but two modes each occupied with a squeezed vacuum state. As single-mode coherent states can easily be produced, we assume that in the second input port of the 50/50 beam splitter one of the two modes is occupied by a coherent state and the other by a vacuum state. The photon-number distribution for this situation is plotted in Fig. 7 . Finally, we show in Fig. 8 how the photon number distribution is affected by transmission losses in the output modes. Here as well, the N00N-like structure of the output state survives in the presence of losses. This feature is also reflected in the remarkable immunity of the Bell violation against a lossy transmission (see Fig. 3 c) . FIG. 8 . Photon number distribution of the quantum state |Ψm for ζ = 1, λ = 2.68i and m = 3 when it suffers from transmission losses in the output modes. Here τ denotes the transmittivity of the output modes 1 and 2.
